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Time to treatment

Examples

P cancer screening
P vaccine during pregnancy
» organ transplant

» anti-rheumatic therapy (eg. Methotrexate)

Traditional causal effects might be ‘if treated’, or ‘when to treat’.



Incremental interventions and effects

This is a type of stochastic intervention (as opposed to
‘deterministic’):

» instead of intervening on the value of a treatment (Y/N,
when), it intervenes on the distribution of the treatment
assignment (process);

» may have interpretation as (health) policy effect.

Ref: Kennedy (2019), Bonvini et al. (2023) for binary treatment
and later developments for discrete time longitudinal treatments.



Setup and notation

Let
» T - time to treatment (initialization)

» Y - outcome of interest measured at time 7

» [ - baseline covariates

We observe {Y,U = T AT,L}, denote also
A=1T<7)=1U<n).

> Assume that T is absolutely continuous, with
(t\l) = Iim,Ho P(t<T<t+hT>t,L)/hand

fo s|L)ds as its conditional hazard function and
cumulatlve hazard function, respectively.



Potential outcome

Denote potential outcome
» Y; if the treatment is initialized at time t (t < 7);

» Yo = Y; = Y; (t >7) for someone who is never treated.

Q: what would be the expected outcome Y if the hazard function
A(t|l) were to be modified, eg. doubled?

In general, we may consider changing the hazard of T by a
multiplicative factor 6(t, /) > 0.



Stochastic intervention

Consider T(6) a random draw ~ the hazard function 6(t, /) - A(t|/).
» The incremental causal effect is

¥(0) = E(Y7(0))-

When 6 = 1, ¢)(1) = E(Y7(1)) = E(Y) corresponds to the factual
(‘natural’) distribution of T that we have observed.



Assumptions

1. Consistency: Y7ar =Y.

2. No Unmeasured Confounding: T L Y: | L, Vte]0,7].



|dentification
» Likelihood for observed data:
P(Y|U, L) A(U|L)YPe=Jo @D . p(L)
» The target likelihood under intervention:
P(Y|U, L) - {6(U, A(U|L)}2 e~ Jo 0D p( )

The likelihood ratio, i.e. Radon-Nikodym derivative, is

(U, L) e~ Jo' {0(t.)=1}dA (L)

Lemma (ldentification, ICLR 2025)
Under Assumptions 1 and 2,

U
»(0) = E(Yr9) = E [Ye(u, 1)2e s {e(t,u—l}cm(ru)} .



Efficient Influence Function (AIPW)

Under Assumptions 1 and 2, the EIF for the incremental causal
effect curve ¥(0) is ¢(0; A, u) — 1 (0), where

$(0: A, 1) = YO(U, L)Pe Jo' {00+ -13dNvIL)

. UAu _
+ [l Do, e oDt [/ D) L anwin)| drult)
0 0 S(v|L)

o(U,L) -1 /T 5 — [4{6(v,L)—1}dA(v|L)
-— u, L)0(u,L)°e™ Jo ’ dF(ul|L),
SUID) U+u( )6(u, L) (ulL)

§=1u<7), w(u,l)=EY|U=uL=1),and Full)=1—S(ull) =1— e NIl

See Hines et al. (2022) for tutorial on how to derive EIF.



Estimation

Let () = S0, ¢i(6; A, 2)/n, where f(u, 1) and A(u|l) are
estimated (semi)parametrically or nonparametrically (with
cross-fitting).

We have

» consistency and AN under suitable conditions;

» uniform inference over 6 (work in progress)



Simulation

Table: Coverage probabilities (%) of 95% confidence intervals

o(e,N= B 1 B BT BT B Bg BTI Bd1 By
P(6) 1.062 0.993 0.820 1.047 1.004 1.008 0.953 0.865 0.853
n = 200 IPW 94.3 94.7 94.1 94.3 94.3 945 945 945 94.5
AIPW 94.3 94.5 94.8 94.1 94.1 94.4 04.2 945 94.7
AIPW-cf 94.6 94.8 94.6 94.8 95.0 94.7 04.7 94.1 94.3
AlIPW-o 94.5 94.6 94.8 945 94.4 94.6 945 94.3 94.7
n = 1000 IPW 94.8 94.6 94.2 94.8 945 94.7 94.8 945 94.2
AIPW 94.8 94.7 94.5 95.0 94.9 94.8 94.8 94.7 94.5
AIPW-cf 94.6 94.6 94.7 945 95.0 94.6 94.7 095.1 949
AIPW-o 94.5 94.9 94.3 94.7 94.9 95.0 94.8 94.6 94.6




Simulation

Bias (x107?)

SD (x10?)
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Data example

PreTectProofer vs. Amplicor/HC2

After inconclusive finding:

» PreTectProofer testing is done more frequently

]
/f’—» technology
4

Amplicor/HC2
5 protectrooter

Probability of receiving subsequent test

1 2
Time since 2005

Y': cervical intraepithelial lesion grade 2 or 3 (CIN2+) by 4 years
> Y =5.69% for PreTectProofer, 0.87% for Amplicor/HC2

Q: does PreTectProofer have more false negative?



Data example

When fitting the Cox PH model to T for Amplicor/HC2
vs. PreTectProofer, we have 8 = 0.677.

— Estimated proportion of CIN2+ detected {(6) Pointwise 95% CI
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Figure: Estimated incremental causal effects 1[)(9) i.e. proportion of
CIN2+ at 4 years, for the PreTectProofer group with pointwise 95%
confidence intervals; 1(0.677) = 0.0432.



